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The Dicke model and the superradiance of two-level systems in a radiation field have many applications.
Recently, a Dicke quantum phase transition has been realized with a Bose-Einstein condensate in a cavity.
We numerically solve the many-body Schrödinger equation and study correlations in the ground state of
interacting bosons in a cavity as a function of the strength of a driving laser. Beyond a critical strength, the
bosons occupy multiple modes macroscopically while remaining superradiant. This fragmented super-
radiance can be detected by analyzing the variance of single-shot measurements.
DOI: 10.1103/PhysRevLett.118.013603
The Dicke quantum phase transition from a normal to a
superradiant state is driven by the cooperativity of the
emitters in a light field [1–4]. It has recently been realized
and studied in a number of different systems like super-
conducting qubits coupled to resonators [5–8], electromag-
netically coupled quantum dots [9], the magnetoresistance
of organic light-emitting diodes [10], a plasma of Helium
atoms [11], a superradiant laser [12], and a Bose-Einstein
condensate in an optical cavity [13–17]. All of these
systems are formed of constituents which are more com-
plex than the two-level emitters considered in the Dicke
model which makes its successful application to these
systems even more remarkable.
The unique experimental control of Bose-Einstein con-
densates of ultracold atoms [18–20] has made them
versatile quantum simulators for other systems, like here,
the Dicke Hamiltonian [13–16,21]. Bose-Einstein conden-
sates or ultracold Fermi gases, however, cannot generally
be described within a two-level framework since they
constitute many-body systems of interacting atoms
[22–25]. In many-body systems, correlations arise due to
the interactions between the particles, and hence, two-level
descriptions [26,27] or mean-field approaches [28–30]
might fail to accurately describe them [24,25,31,32].
One striking example for a correlation effect not captured
by mean-field methods is the emergence of fragmentation
[33–35] in interacting Bose-Einstein condensed systems:
the reduced one-body density matrix starts to have more
than one macroscopic eigenvalue.
In this Letter, we will focus on a Bose-Einstein
condensate in an optical cavity and show how the fact
that the Bose-Einstein condensate is an interacting many-
body system and not just an ensemble of two-level
systems substantially enriches the phase diagram beyond
the Dicke model. Our focus, here, is on the emergent
phases triggered by interactions in a zero-temperature
system. The phase diagram of the noninteracting system at
finite temperature (the Dicke-Hepp-Lieb phase transition)
is discussed in Ref. [36].
In the following, we apply a numerical many-body
approach for ultracold atoms in multimodal cavities and
demonstrate that their ground state in a single-mode cavity
exhibits correlations that indicate the fragmentation of
the system. For sufficient pump power, the system enters a
state of fragmented superradiance. The pump power
needed to trigger the emergence of correlations in the
ground state of the atoms is generally larger than the
pump power necessary to enter the superradiant state.
The existence of this third phase modifies the phase
diagram of ultracold bosons in an optical cavity and
demonstrates the limitations of the mapping of the system
to the Dicke model which exhibits only two phases for
bosons in single-mode cavities.
The realization of the Dicke quantum phase transition
with a Bose-Einstein condensate in a single-mode optical
cavity in [13–16] motivates us to study the role of
correlations in the process of self-organization. To proceed,
we investigate the ground state of a system of N ¼ 100
interacting bosonic atoms in a single-mode cavity as a
function of the pump rate, see Fig. 1 for a scheme of the
system.
FIG. 1. Setup for the Dicke quantum phase transition with a
Bose-Einstein condensate in an optical cavity. For a cavity pump
power Ω that is smaller than the critical pump power Ωcr, the
Bose-Einstein condensate (blue) in the cavity formed by the left
and right mirrors (gray) is unaffected by the pump laser and no
population of cavity photons (red) is built up (left panel). For
pump powers Ω larger than the critical value Ωcr, the Bose-
Einstein condensate self-organizes as a consequence of the
potential which is built up by the population of the cavity with
photons (right panel).
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The bosons are governed by the time-dependent many-
body Schrödinger equation i∂tjΨi ¼ HjΨi with the
Hamiltonian
H ¼
XN
i¼1
½Tri þ VðriÞ þ λ0
XN
i>j¼1
δðri; rjÞ: ð1Þ
Here, Tri is the kinetic energy of the ith atom, VðrÞ ¼
V1-bodyðrÞ þ VcavityðrÞ is a one-particle potential that con-
tains the external trapping V1-body of the atoms and the
potential Vcavity generated by the photons in the cavity and
pump laser beam (see right panel of Fig. 1). The terms
proportional to λ0 generate a repulsive contact interaction.
We choose λ0 ¼ 0.01 for the interaction strength λ0
which is proportional to the s-wave scattering length and
adjustable in experiments (see Ref. [37] for experimental
parameters to realize this choice for λ0). The potential
VcavityðrÞ is a function of the cavity field amplitude α,
which is in turn obtained from the equation of motion of
the cavity [30,39],
i∂tαðtÞ ¼

−Δc þ
XM
k;q¼1
ρkqðtÞUkqðtÞ − iκ

αðtÞ
þ
XM
k;q¼1
ρkqðtÞηdkqðtÞ: ð2Þ
Here, we used hΨðtÞjUðrÞjΨðtÞi ¼PMk;q¼1 ρkqðtÞUkqðtÞ
and hΨðtÞjηðr; tÞjΨðtÞi ¼PMk;q¼1 ρkqðtÞηkqðtÞ, where
UðrÞ and ηðr; tÞ are proportional to the cavity mode and
pump laser profiles, and ρkq are the matrix elements of the
reduced one-body density matrix that is normalized to N,
see [39]. The cavity is detuned by Δc from the atomic
resonance and its loss rate is given by κ. We employ the
multiconfigurational time-dependent Hartree method for
indistinguishable particles (MCTDH-X) to compute the
ground state of the many-body system coupled to the
equation of motion of the cavity amplitude, see
Supplemental Material [39], as well as Refs. [24,32,41–
43], for details.
In the following, we will consider a one-dimensional
setup, i.e., a collinear arrangement of the pump laser and
the trapped atoms, and use the coordinate x instead of r.
We assume the external confinement to be harmonic,
V1-bodyðxÞ ¼ 12 x2 and choose dimensionless units [37]
and cavity parameters [39,44]. The potential exerted on
the bosons by the photons in the pump laser and the cavity
[13,39] is given by
VcavityðxÞ ¼ jαj2U0cos2ðkxÞ þ ðαþ αÞη cosðkxÞ: ð3Þ
Here, the terms proportional to U0 and η refer to the cavity
photons and the pump laser, respectively, see Eq. (2) and
the Supplemental Material [39].
Since our system is one-dimensional and parabolically
confined, we expect to discover physics different from
previous investigations in two-dimensional systems in a
lattice, where superfluid self-organized and Mott-insulator
self-organized [45] as well as supersolid and charge-density
wave [46,47] phases have been demonstrated.
As a first step in our investigation, we show the density
ρðxÞ and the one-body potential VðxÞ of the ground state as
a function of the cavity pump power in Fig. 2. Beyond the
critical pump power Ωcr, the cavity population jαj2 rises,
see Fig. 3(a), and is roughly proportional to the magnitude
of the maxima of the potential shown in the lower panel of
FIG. 2. Self-organization of the ground state of a Bose-Einstein
condensate. The density ρðxÞ of the atoms and the potential
VðxÞ ¼ V1-bodyðxÞ þ VcavityðxÞ is shown as a function of the
cavity pump power in the upper and lower panels, respectively.
Once the applied pump power exceeds a critical value, the atoms
self-organize because the field which is built up inside the cavity
creates a periodic one-body potential (cf. lower and upper
panels). As a result of a competition between external and cavity
potential as well as interactions, the sign of the cavity amplitude
switches one time for Ω ≈ 25 [compare pattern in density and
potential with the inset of Fig. 3(a)]. All quantities shown are
dimensionless, see text for further discussion.
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Fig. 2. The density becomes self-organized and the atoms
cluster around the minima of the cavity-photon-mediated
potential Vcavity (compare upper and lower panels in Fig. 2)
instead of the minimum of the parabolic confinement
V1-bodyðxÞ. This self-organization of the atoms marks the
transition to the superradiant phase of the Dicke model
[15,16]. The emergent density resembles the density of
atoms in optical lattices.
To assess whether or not correlations between the atoms
are built up in their self-organization process, we inves-
tigate the cavity population and fragmentation of the
system as a function of the cavity pump power. We quantify
the fragmentation using the fraction F of atoms which do
not occupy the lowest eigenstate of the reduced one-body
density matrix
ρð1Þðx; x0Þ ¼
X
k
ρðNOÞk ϕ
ðNOÞ;
k ðxÞϕðNOÞk ðx0Þ: ð4Þ
The eigenvalues ρðNOÞk and eigenfunctions ϕ
ðNOÞ
k ðxÞ of ρð1Þ
are known as natural occupations and natural orbitals,
respectively [superscript (NO)]. If ρð1Þ has only a single
macroscopic eigenvalue,F ¼ 0, the corresponding system is
referred to as condensed [48]. If, on the contrary, ρð1Þ has
multiplemacroscopic eigenvalues,F > 0, the corresponding
system is referred to as fragmented [33–35]. Figures 3(b) and
3(c) show a plot of the excited fractionF and the eigenvalues
ρðNOÞk , respectively. At pump powers Ω≳ 40 > Ωcr, i.e.,
well into the superradiant regime, the system fragments.
This transition to fragmentation indicates the emergence of
correlations and marks the breakdown of mean-field
approaches like the Gross-Pitaevskii equation, which cannot
capture correlations and fragmentation [25,31]. Furthermore,
the simple two-level description of the superradiant system
ceases to be applicable for the fragmented superradiant
system, see Sec. IV of [39] for details.
The occurrence of this fragmented superradiant phase is
one of the main results of our Letter. This result is robust
against variations in the particle number as demonstrated
by a finite-size scaling plot, see inset in Fig. 3(c). Now, we
discuss how the predicted fragmentation may be detected
experimentally. The emergent phase cannot be detected in
the photonic part of the system alone, see Fig. 3(a). Its
detection requires the simultaneous analysis of the wave
function of the atoms in the cavity and the cavity photons.
We have found that the fragmentation of the Bose-Einstein
condensate can be detected in the variance V of single-shot
measurements [39,49] of the momentum distribution, see
Fig. 3(d) for a plot of V. This variance maps the excited
fraction of atoms accurately and can, therefore, be used to
assess the fragmentation of the system, compare Figs. 3(b)
and 3(d).
The similarity of the behavior of the excited fraction F
and the single-shot variance V may be understood quali-
tatively: For a coherent condensate, F ≈ 0, the variance V is
minimized because all the atoms in the respective single-
shot measurements are picked from the same natural
orbital. For a fragmented state, F > 0, the variance of
the single shots grows, since the atoms are picked from a
superposition of several mutually orthonormal natural
orbitals ϕðNOÞ1 , ϕ
ðNOÞ
2 ,…. The momenta obtained by draw-
ing from this distribution that lives in a larger space
spanned by several orbitals have a wider spread. Hence,
the variance V is larger as compared to the values obtained
by drawing momenta from a single orbital. We expect that
the (momentum-space) variance of single-shot measure-
ments can also be used to quantify fragmentation exper-
imentally in more general setups. Since single-shot
measurements require only absorption images, this would
mark a clear advantage in comparison to other methods of
determining fragmentation that require the measurement of
the off-diagonal part of the reduced one-body density
matrix [33–35] or density-density correlations [50].
FIG. 3. (a) Buildup of cavity population in the self-organization
process. Beyond the critical value Ωcr ≈ 12 the population of
photons in the cavity grows with increasing pump power Ω. The
cavity population jαj2 drives the self-organization of the atoms,
see Eq. (3). Inset: The amplitude α shows a sign change from a
positive to a negative value in the superradiant phase at Ω ≈ 25
and continues to decrease monotonically in the fragmented
superradiant phase. (b) Fraction F of atoms that are outside the
natural orbital with the largest occupation, (c) natural orbital
occupations, and (d) variance V in single shots of the momentum
density (1000 samples per data point), all as a function of the
pump power Ω. The variance V maps the fraction F of atoms in
excited orbitals closely, compare panels (b) and (d). The natural
occupations (c) show that the dips in the excited fraction F and
the variance are due to a redistribution of atoms between excited
orbitals. The inset of (c) demonstrates that fragmented super-
radiance emerges for a range of particle numbers N with a finite-
size scaling for Ω ¼ 80. The emergence of fragmentation and the
growth of F signals that the system enters a new phase with
many-body correlations between the atoms. This is confirmed by
comparing (b) and (c) with Figs. 4(a)–4(c). All quantities shown
are dimensionless, see text.
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To get a detailed picture of the structure of the emergent
many-body correlations, we analyze the spatial correlation
function gð1Þðx; x0Þ ¼ ½ρð1Þðx; x0Þ= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃρðxÞρðx0Þp . For a com-
plementary analysis of the momentum correlation function,
see [39]. The correlation function gð1Þ uses the reduced one-
body densitymatrix ρð1Þ to measure the proximity of a many-
body state to a product or mean-field state for a given set of
coordinates x, x0. It is a key measure for the coherence of
ultracold bosonic atoms and is experimentally detectable
[51,52]. Figure 4 shows a plot of jgð1Þðx; x0Þj2. The spatial
correlation function gives an intuitive picture of the mecha-
nism behind the fragmentation of the system. The potential
exerted on the atoms by the photons in the cavity grows
with the pump power. Because of the repulsive interparticle
interactions, the atoms in the distinct wells of this
cavity-photon-mediated periodic potential become discon-
nected beyond a critical magnitude of the pump power.
Consequently, the spatial correlation function vanishes
gradually for off-diagonal values, see Fig. 4. This observation
is consistent with the occurrence of fragmentation, see
Figs. 3(b) and 3(c). The loss of spatial coherence between
atoms in distinct wells of the potential generated by the
photons in the cavity is complementedbya periodic pattern of
correlated and uncorrelated momenta in the momentum
correlation function that reflects the periodicity of the
potential, see SupplementalMaterial [39] and Fig. S1 therein.
In conclusion, we have derived and applied a new
numerical many-body approach to describe laser-pumped
ultracold atoms in cavity fields. We have used the multi-
configurational time-dependent Hartree method for indis-
tinguishable particles, MCTDH-X, to solve the many-body
Schrödinger equation of the coupled cavity-atom system.
This method self- and size-consistently incorporates corre-
lations between the atoms in the cavity and can also be
applied to multimode cavities and fermionic atoms.
We have demonstrated that the phase diagram of ultra-
cold bosonic atoms in a single-mode cavity exhibits a
fragmented superradiant phase in which the atoms show
many-body correlations not captured within two-level or
mean-field approaches. While the system remains super-
radiant, the Bose-Einstein condensate starts to macroscop-
ically occupy multiple single-particle states when the pump
power is increased sufficiently. Thus, our work adds a new
phase to the phase diagram of bosons in a cavity which can
be detected using the statistics of experimental single shot
measurements and the cavity population.
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